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asrsEKiriATio:: Or' oiriPiL BZLATIOHS i'm THS 

BZIiAVlOft   OF  1ÜRBUIBKI   BOUNDAKY  LAVÜS3 

By albert  E.   yon,  Eooi.hofl'   und "Toni   -otorvin 

SITKAHY 

An analysic has been r.adü cf 
••• - for turbulent boundary layer 

cf various sraoo« In orde • to let 
vfi-. lalij t B that oor.tril tha i'.evelo 
ary layer«1. It --at fiund that tl 
trlbution in t'.'.e. bcuar":,ry layer c 
term-, of a aln.-lo Ti.:-..:-.ctei . 'I'll 
••> d the ratio it the ftlaplajenanl 
thlcknesa c:' t.-.' o."u,ry Layer. 
I .-ol   L! i!  dovelspr  at   of   the   turbu 
ntly   nre      .11   the   ratio    if  the 

friad'.nr.t] d   in   tarn»   of 
outflidc tho bcundpry layer *nd bo 
•he l.eal afcln-frlcliO'i coofflcie 
the boundary layei . M.. aaplrlc 
t/rod In tor'-s of '/rose vn;i ulc 
acnonwK.m oq' \M„-, and tie 3>:lr.-fr 
ooselulo to trac. the acvelopnent 
•>iv  In.-.i-r  to  tho   separation  -.olnt 

a   'iciisldcnblo   asiourt   of 
B   iler.g  ulnga  and  bodies 
ermine   to«   fundamental 
pmsnt   of   turbulent   bound- 
e   type    if   velocity  dts- 
ould   Ve   exrrossod   In 
e   p:\rrueter   vm   c'.osou 
'.hi jkr.e.'J    ;o   the   isnontu» 
Ihe   variables   that   con- 

le.-.t   bound-iry  layer   ar-par- 
ptidi uer.si tnal  prossure 
he   tjrr.l   dynamic   pronsore 
a.ndary-l*yor   thickness,   to 
nt   :ind     [2)   the   shaue   of 
equ-icion   '.u- 5   been   djvol- 

that,   when  used with  tho 
Ictlon   rolp.tion,   isa^'os   It 
of   tho   turbulent   bound- 

•c:i 0:: 

A   pcod  ccatirt   of   the   u: at rs' ar.di: ,:   of   the   general 
prcbloLi   cf   the   fir-.;   of   ..   ronl   fluid   nbiut   .1   b^dy   of   r.-ol- 
'»nrv   s?.apo   san   Ju   tv-.i   u   t!      leer« •   of   a j u cxlr-it 1 on 

It)    vhleh  *'..o  aerodynamic   charfttfir xstica   of  t'.j  "j'-dy can 
c-i±-ul".t o&   ..n   I '• u   LLHIII   jf   existing  l:ne*lcdGO-     The 
•'   ir.   ro»:!or.B   rocovod   frca  '.:      ••   •     • :.J   fro»   *i".,_   surface 

51'  -•   body  oboyi  very   closely  ti.o   Ir.-.-s   for  porfect   fria- 
ti   i.l.    •   ••   •< .(   i>   -11   ro-.sor.ntly   i.-.r;i  Fcynoldi   nunber^. 

li    '  •.      if   ilov   ir   •••-'1?   aiioistjod,    il though   the   detailed 
i':..-   oay   3(    iifflcult   In   sccc   C-B.S.     Depirturo   of 

f  roal   fluids   :'ro;.   that   of   tho   fri it'. onlopn   fluid 



1B C'IUBüA Alaoti*. entirely by the fnlluro pf the Idoullzod 
field to reproduce t>.e ac'ua1 flow conditions at tho »ur- 
faco   cf   tie   b-.dy. 

Because   the   theory  of perfect   fluids  £lvar.   zero   dra» 
for  al 1   bodies  and  e've«  10   information  eencortinf:  .;OB- 
d-tloas  that   lend  -.a   aeiarast jn   of  t.l.e   f J cw   frjpi  tte   sur- 
face,   ttteue   0*101 oar ne   mutt   Di   alTnat   entfiely  OFSOC:?ted 
with   the   beharlcr   of   '.i.c   fie-' r.t   toe   surface   or,   i'-i   cthar 
wards,   wist  ti.e   boundary  lar-sr;   tan,   la,   all   dreg,   with 
tno   exoop^lo-i   of   induced dra-;  and diflc  due   to   shoe*  v.avaj, 
al]   eneie   jf   I'J ov   separation   Duch  .IB   occur   at   raxlara  lift 
or   «t   hlßb  aileron   deflections,   nnd  all Reynold»  ni:r.hcr   of- 
f"ct»  ar«  entirely  4c;a"<ien«   or   th,i  behavior   of t>.e  bound- 
ary  layer. 

Because   '.1 0   fie«   •5."  ldo.ii.   fluids   *i  »ell  -.mder ->t ood, 
the   probie».  of  eal cr-lating  t.i?  acfial   f!.ov  rsariv^s  it- 
solf   1'.   0   n   study   of   t.— r.dcrv   lr.yers       The ro   '.re   three 
g"..er.-l   tjpes   jf   boundary   la-.jr.      l^i.lnar,   transitional, 
and  tu-:'"len:.      In   ..;•..'••   ci BBI,   the   1 s.por*n ct   l&alaar 
boundary-iay->«   c'.ia. • it... let ici  -   taloliness,   aiclr   friction, 
a..4  point   of    .-. . ••-.l'. : -v.   .   ea.i  be   esfiaoe*   with   eufl'lclant 
accuracy  f.'C... netiiods   lascrlbod   la  ref e.'er-.es  1   and £.     If, 
in  ur.usual   e..«ut.   p-.r*   ditrllou   laforoatlon   '.a   required, 
0 .-•   ^.f       0  -...*•:.0C.3   ,.f   calculation   t;lv«'.   In  cjforenco 3  any 
b -  used. 
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w--urt.;l   ana   vjr.d   tunnels  and   In 
attentive   lie! aar   .'ayärc  cay be 

«r;p     f  a   fa*'.ratio  prajrura   •isdl- 
ls   • : o-u   :.bn_it.   te-.roiE   3f   dettfrirln- 
•:   t T tii'-.1'ion point,   transition.  n.uit 
1  with  liiuina"   Beftrration  OT  .*t   ao.se 

:.rt • :o-. •-      po " '< I Ion 
>•'.   : V.i    .Mr 

;trn: i urt\ 
>t;i on 

and!tion, 

A   considerable   s.:.' :r.*   of pro'jrofcs   u.Mi   In.   tile   In 
i   •    r .Ini .     • .f'.j! int    s'.f'i.   f.-' tti .r.   . r.   n   pi .    ind    .   or.g 
fir.»   piitea     .ri.   zer<   preseurs   pradienc .     An  a  result   of 
t a •   develupso.it   of     !.     ''r.i:ln ;••! ff »».) "   theory,   ustably   u;r 
i'r.-.r(.*l   > ;.J   ••-•    r'.-i.a'.,   r-:ll-..;fc   r .j    f   '..   t    should   :ie   ap- 
plli.r", 1  tlu c •    sxtre'aely   kid*   ranee   J" i   yiilds 

>   !»'.'.   been    •"..:.'.   :'   r   calculating   '' v   s'.r   frirtlon 
and  velj   n •;   '.'     ».'••-   '..n  1 r.  *:e   boundar.    layar  alone 
fi ..   i,li'.'i   And   In   jiros. 
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In order to find tho effect of varying prcse'iroe 
on the boundary-layor characteristics, von Kärr-ar. applied 
tho aoEontua theorem to the boundary layer and derived 
thj sc-called ;loooontum equation" that gives the rato of 
thickening of the 'boundary layer if the type of velocity 
distribution within the boundary layer, the external pres- 
sure distribution, and the skin friction ire known.  It 
wa3 found in a numbor of casts that, if the shape of the 
boundary layor sind tho skin friction wero assumed to be 
the sr.-.«i as In pipos, good ngroeneat was obtained betveon 
the calculated rnd experimental boundary-layor thickness 
and skin friction.  This procedure, however, fails to 
givu any information concerning the changoc lu boundary- 
layer charactorletica that load to separation cf the flow 
fron tho aurfaco.  In addition to the momentum equation, 
a relation is noedod between the shape of tho velocity 
distribution in tho boundary lr.yer, the skin friction, and 
the nressure distribution. 

Several attempts have benn male tc find such a rela- 
tion.  Sror. eacperimant a in converging and diverging chan- 
nels, 1'ikuradse, using water (reference 4), and Lönch, 
using air (reference b), found that, In cares ir. which the 
boundary ltyer r.long the vails mot in the center of the 
channel, the velocity distribution across the el.annel was 

* i— a function of a v'H,  vhere  a  is the angle of diver- 
gence of 'he channel and E  is tne Beynolds number based 
on the channel width and average velocity.  Jurl, vhoce 
••or'': vao dlscua-od by Prandtl 1n reference 6, used the 
ree-.lts of Mkure'se er.d Dbnch in an attempt to calculate 
t.-.e ~enoral behavior of turbulent Dov.i~.dary layers.  Suri 
assumed that the snape of the boundary layer was alvnye 
gi-en by the -oarameter of Hisruradse -.nd DCnch.  One of the 
veak:.ecses in Bull's calculations waa the assumption that 
the shape of the veloei'y distribution depended only on 
the valuo of this parar.otor and fas Independent of the 
previous history of the boundary layer.  it nay bo pointed 

that ^ho paraaeter of I'lkurrdce and 2-;:.eh is not essen- 
tially s eLapu paraaeter but represents a function of tho 
pr  Büro cradiont a;-.d skin friction vh'ch ic assumed to 
i'otorn.lr.a the shapo of the velocity ill atribution. 

^rusehvit« (reference 7), -itlng a parameter dep-ndont 
upen ••  • r  c;- velocity ("istrltution in the boundary 
layer, found u.  relation b.-twe.n the prcss-ir.- gradient and 
»1.1» p'ramotor.  This rclntlen, with tho momentum equation, 
wa» sufficient to d^-ti.r=ine thi dtv-lcpmcst of the turbu- 
1 nt beunlary lr-.-cr along a surface.  Although 'Jruschwlti 



obtninci good agroesort vith experiment ±or tin data prj- 
aented In his paper, othsr inveatl gators who a AT a tried 
to use the method reported poor agreement for cacos in 
which tho turbulont boundary lnyer separated from the aur- 
faco.  Potcre (roforenco 8) conduotod an investigation 
for the specific purpose of testins the Sj-vschwit * method 
cf calculation and concluded that to« Sruachwltz method 
cannot be U8ed to determine the location of th<i separation 
point nor oven. In anny ensee, to prodiet whether eopr.- 
ration vill o = cur at all. 

The purpose of the preaent investigation ic to deter- 
mine the inportnr.t variables thrt control the behavtcr of 
turbulent boundary layers and to develop ger.err.l relations 
in terma of these variablen that describe the boundar;-- 
laysr motion.  The fundamental vp.rio.olee aunt, of er.irae, 
be oxpreastd ncnöimansionrlly In tarne of local bouao'ary- 
layor o,uantitioa. 

The quantities at a given station alcn£ i» surface 
that "ere felt to have the post Important effect on the 
further development of tho boundary ioyer mo the follow- 
ing: 

(1)  Shao-? of the bour.dar.v-leyer profile 

(z)     Rate of chance along the sjrface cf the dynamic 
pressure o\ tside the bo-iuo'ary Tuyer 

(7)  Si-in friction 

Data from various published eources .-.nd fro" t"»*t   in the 
VkCJk   two-dimensional low-turtulence '.minel :iade apeclfi- 
•'ll:r   i>r tho present investigation wero analyzed in terma 
o* tho fororoing varlal'lea in ordor to find the needed 
ccn.iral relation for the rate of change of oharce of the 
bruniary-layor profiles. 

srxrois 

a ur.glo of llverganeo of channel; alre, angle of attack 

it Ruynolün number 

'J alnor axil of elllpaj 

u velocity within boundary layer 
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q0 lnltlfll value of  q 

Cj constant 

bn Initial value of 6 

Hg Initial value of 

2 • 2.£57 log. 4.075 Eg 
e       v c 

, . 2.55, & • l) 

"b 

-iXPiÄlir^'TAL UA?A 

Tie d.-ta used la the analysis •••ere collected fron the 
nvallebla lltarnturo snd froa t<!sts nerfori.«d In the HACA 
tvo-di:;en3icnnl low-turtulcnce tunnel.  Tho following ta- 
ble shows the data used In the present analysis: 

üodol 
Hoynoldg 
nuib o r, K 

Angle of 
r.tt;;ck 
(dec) 

Hofcrence 

0.9 x 10° 10.1 
1.5 10.1 

HACA 66,2-216 2.2 10.1 9 
2.5 10.1 

   -- a.6 1C.1 
r«2 0.1 

1.81 8.1 
"ACA .-»ö(C15;-E23 2.67 8.1 1 resent 

(approx.) .92 
1 bl 

30.1 
10.1 

report 

"ACA noro- 
cpeni i • 
airfoil shape 13 

2.67 10.1 

1.46 
2.59 
4.18 

* 9 .1 
9.1 

Tresont 
roport 

Channel 

::ACA OOI? 

Hun 2 7 

7.6 10 

3y:. metrical 3.8 (approx.) !  • a 
nlrfoil i 

! 
Zlliptic cylinder .118 ! ° li 



The paper by Oruechvltz (reference 7) contained data on a 
wln^ end on channel «alle obtained from tests at OBttingm. 
The dcta from run 2 on tho channel vail In the form of 
boundary-layer velocity nrofllos, prereure distribution, 
nnd curves of the monentua thickness and the shape pnrnm- 
oter plotted against distance along the plnte were used. 
From Peters' pr.nor (reference 8), data were taken In the 
f..ra of curves of the momentum thickness, chaps yaraaeter, 
rnd rreeeure coefficient against the position i 1 n ••  the 
airfoil chord.  Theso tests were made In order to check 
thu method of calculation proposed by Orusehv.ltc.  The 
Reynolds number of tho test was not »iven explicitly and 
was Judge 1 to be slightly less than -t,COO,CO. .The re- 
rults from the tests at in rnglo of Attack r.f 9  vero usad 
beeiucu tho data for this ur.glo of attack were presented 
In i convenient form ar.d because separation of the flow 
hrd te.kcn place it tlie rear of the wine. 

A few points were obtained from the bov.ndary-layar 
velocity proflli.i and pressure distribution ei.nt-.ined in 
rtf jr^nce 11.  The datr voro obtained from a tost of an 
ulllp'.ls cylinder nt an angle of atta'-k of 0° and a 
Kcynolls r.u.nbor of US,COO b-ieod on t'.ie minor ana  B  of 
the olMpso   Tag ratio of major to rn.ir.or ,.xle «ras 2.96, 
maki.-.«; the Reynolds nunber bv.sei en the mijor axis equal 
to 3*1,000. 

The data, on turbulent boundary liyi-r« irvolving sep- 
aration obtained »roa tho NACA two-dimensional lo'.'- 
turbulonc« funnel ver : collected 'roa -rc'.^in tasts and 
from teats x.nrformed sncifIcally fcr the urepent lnvsetl- 
»atIon. 

A few turbulent bcunlary-la;-er profilis that ve'M not 
c'm to se?aratlur. ware obtained fr*- ^-'.-.'icusly published 
ilite >ja the JIACA 0012 airfoil (raferaact 10).  Tao;<e points 
" re u led la tha analysis mainly because tha bouaict/ .": er 

• Mr fr;a icr       id Ui nit ot tbu p'.b.'.;  'j;e4 
l-'i a bette»- .* -      - i-jn of data.  'ir.<* afcta «Lt.ilmd 

. " .:•'. 66,2-^11 ui foil are <iven iu   ?j'er«:i-e '•.  C'r- 
• *• :cf this section can be found b;,- tathods deccribed 

i'- . - :i :nca 12. 

Tonta of a thick airfoil, the EAC.V 66(316)-322 (ap- 
T'ü   .ere r.adu at tn-ee Haynoldi numioie at two r.rfles 

:k.  "h-- asthoda ef cbt r.ialng tr.o data vere tha 
saui is »tose described in fofaronse 3.  All the tests of 
this p.ir'oll ltvolviid turbulent «oprratlon.  The data 



fron those test« are prosonted in tho form of boundary- 
layer velooitjr profiles for a number of stations along 
tht chord (figs'. 1 to 4).  She pressuro distributions are 
glvan in figure 5.  Tht region of turbulont soparatlon is 
indicated in tho pressuro distribution as the flat rogion 
at tho TOIT  of the airfoil.  The chord of the airfoil was 
24 inches and tho airfoil «as finished as described in 
reference 9. Tho ordinates can be dorived by methods ex. 
plained in reforenoe 13. The finish was free free all 
surface imperfections That could bo felt by hand but had 
a strip of carborundus-covercA cellulose "Scotch" tape 1 
inch wido on tho upper surface near the loading edge. 

Tho other model tcstod in tho !"ACA tv/o-dlmonslonal 
lov-turbulonco tunnel for data to ba used in tho prosont 
analycis vas tho "ACA nose-cponing airfoil shapo 13.  Tho 
soddl had a chord of 36 inches and was finished in tho 
same manner as the WACA 66,2-213 (reference 9).  The sec- 
tion ordinates for tho !"ACA r.oss-openlng airfoil shape 13 
ore given in reference 13. Th-j wing was tested at an angle 
of attack of 9.1° at tiree Keynolds numbers.  The turbu- 
lent separation obta'.nod in this test was not so rarked as 
that obtained in tho tests of the  IUCA 66,2-216 and ilACA 
66(316)-3S3 (appro*.) airfoils, although tufts placed at 
the rear of the wing on tho upper surface indicated sepa- 
ration.  The data from these tests are presented In fig- 
ures 6 and V in the form of boundar.v-layer velocity pro- 
files for a number of stations al-ng tho chord.  The pres- 
sure distributions oro given ia figure 8.  The b-jglnning 
of separation Is indicated in the pressuro <"i stributions 
by tho flattening of tho curves at the rear of the airfoil. 
The onall flat region ?:; the prersure distribution at the 
noso of the airfoil Is an indication of laminar separa- 
tion.  Tho boundary-layer velocity profiles for tho region 
at tho nooe of the airfoil are shown in figure G.  Tho pe- 
ci-liir shapo of the velocity distribution .'or soac of the 
r* i*. Ions, pirtleularl." in the curves tint show increasing 
velocity with approach tcv.ird tho wall, is probably eiucod 
by s-inwiso flows cvar the airfcll.  Tho boundary-layor 
t!.icknocee« obtain.d in th-ire tests wjrc much larger than 
•hose utually obtained for airfoils of 3o-lnch chord. 

A::AirEis 

The equation that gives the rate of c':ar.ge of the mo- 
mentum dsf.i-t In a boundary lay ;r, eriglnally derived by 



ven Karrair, nay be vrltten In the following fora far two- 
dlaenslcnnl flow: 

dfl /H + 3> 9 £q 
V  2  ioil ^ 

• ': !r" 

Eoaontur thieknees J. &(l dy 

velocity '.flthin boundary layer 

Telocity out el do boundary layer 

distance porpenatcular to rurface 

pkln frleticn par uuit length 

Cyn.iais pressuro cutolde boundary laytr 

öiBt.inco aleng lurfaoo 

•nape parur.etor 

Ihe :hape parameter la deflr.ed an t'm rati' 8   /6 

• .    -' • 

(•L f\ '.-. Tho   dlf'orenca   butweefl   tho   ac- 

tual flov  of aouent'ii_   In   the   buundiry  lsyr   Tad   thut   of 
tho   raco   nurntlty   of   flula   flowing  with  Vilcel*y    U     Is 

Ivor   this rolr.tlon, the length 
Mio Boajn'.uD thleknuaa.  Ihe l«ngt'.i g" 
plie-icont thle':ncesa !s the aao''nt "oy whi-rl. th> otroarc- 

i a »lr«n t} 'J 

cnlloc the du- 

ll ,1uot outside th< boundary layer sre displaced because 
ef ti.a reduction of vi-lc-lty within the boundary la/or. 
•" e' <---f c depoiids or. the cocond pin r of the vtloulty 
distribution! i-Uroas  J*  douondt an only »ho firjt powor. 
the ri.tlj  8»/8  dsT>unde on tho aonncr In vbiol 
los "ith 
prcflle. 

i/" var- 
:•• 

thct la, upon tho ehion ef tho boundary-layer 

"ho   :-. cooatum  aqv.atlon   In   the   fore   Juet   given   cor.talna 
tnly  loeu beundary-layar  quantities.     The  loenl   slttn- 
frlc*-lon  ecofficient   le     Te/q.     Tho  r.oniiaer.ei»iinl  iroesuro 
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gradient   ir     - -J*,     vhero     i     io   the  unit   of   lcn?th  end 
c      is   the   unit   of   dynanlc  pressure. 

£lth»ufh   it   haB   been   shown   that   tho   shape   of   the 
bou:viary-luyor   profile   doterroinns     H,      the   coivcre'J   carnot 
be   proved  froii  urtheaot ical   considerations   alono.      If     H 
<".^5   actually  determine   tho  suapo   oi*  tho  boundary—layor 
pro'ilo,   then   all   eolnts   of     u/t;     plotted  (.fai-.Bt.     H     at   a 
;;oii3t.c.;:t   vivo   of     y/8     sheuid fall   on  a   cir.£i.i   cur-.'i .     A 
collection  of   auch  eurvoi  for  various   valuee   of     y/ü     is 
shown   in  t'if-ure   9«     ?he   datt.  presented   in fipur?   9  repre— 
Boot   tho   collection  of   all   tho  boundary-la"or  profiles 
that   o:;tnr   into   Iho   analysis.     Tlguro   f   shove   that     u/U     is 
p   function   of     H     alo..e   :" or   a   riv.n vplun   of     y/8.     TVia 
conolvcion   ie   important   eecr.uga   it   ii-r.na   thet   turbulont— 
boundary—layer  profiloa  forn   a.  singli—pnru-iotor family  of 
ourvM.     Tiif   co..:plot>   velocity   distribution   in   the   coi.nd- 
p.ry  hcor   is  known •.•.'hen    0     end    H    have  boor, d.'tcraincd« 
Figure   10,   vhiih   is   H   cross   plo"    t.f  fi,;-\ir'!   3,   irircs   turbu— 
lont-boundary-layer  velocity  >r;fllo;-   correnpone.tnf' to 
various  values    ,i     H,     As   the   o-paratlon  point   is   apvroaohod, 
•.;•;   v   1",   •;!'     H     ineronsas.     S^cruss   the   turbulent   soppra— 
'.I;:-.   joint   usually   i-.<   uot  very »'.jll   defined,   it   ie   not   pos- 
sible   to    •i-i   a.-,   orv.at   "aluo   of     H     eirrespoj.di.-.,:  to   trpa- 
rittliB,     lli:   value   of     H    usually  varies   so   rapidly  near 
tho   separation  point,   however,   that   it   is   not   uciiraar;;   to 
fix  aocrntily  tho  value   or     H     corresponding  to  separa- 
ter..      Separation   hr.::   r.ot   Kr*T.   observed for   n   value   O.T      H 
i'^os   than   '..ü  n:»4   r.   pears   definitely  to   havo   occurred for 
„   v,iun   0f     H     of   n.(5,     &ru3nh"lts'a   criterion   for   iaui- 
n.-r.t   s   parnticn   '. a   oq,uivalent   to   a.   -iluo   of     V    of   I.-    . 

In-   fact   that  tho  typo   of  velocity  distribution   in 
boundary   lay or   con  be   given   in  t""o.r   of   ;   Blnrle  pa— 
•   r   greatly   sinpllfl   .-.       •;   a'.':fy   jf   turbulent  boundary 
•s.     It   is   no-<  aocossxry   -.o  .^t'r.ir. '    inly   I n     tanner 

'...  which   this   paranotar  vori's   along  th...   aurfpeo   • r   a 
f arc t lor.   of   th •    ixtcr.tnl  forces   acting  on   I   ..•  boundary 
1 r , 

7:.   cuter:, a  lure.»   toting   or.  tho  boundary  layer   at 
»int   aro   the  pressure   »radiant,   sxpreoscd   nor.diacn- 

s!   .• lly  as     - «1,     and  tho   :>.ln  friction,   oxpreaeed  non— 

'.1     r.aiJcnlly  as     —-.     Sto   .•>S!-.i=p'. < on   lr   : r.l     that   tho 
rate   cf   ehaa<«   cf     B    rat] or   than     H     itrolf   ic  relptod  to 
t .•-•    loc-1  forces,     iLls  assuaptlos  is   doclrnb1-   in   order 
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th--t the boundnry-layer conditions downstream tzia  a rolnt 
rhall ba definitely connected with the conditions upstraam 
of the point; that IF, a sudden change in the pressure 
gradient should not produce a discontinuity in the type of 
velocity distribution In the boundary la.-er.  Pranitl (ref- 
cr-r.co 6) has pointed out this difficulty both in the Pohl- 
hausen »hoory for laminar boundary layers and In Burl's 
retho* for calculating turbulent boundary layers.  Jixpronsed- 
in nondlnenBional forn, the rate of change of H  is given 

as  0 *!• dx 

In the early B^oge of the analysis, the experimental 

data were plotted in the forn of  6 -*- aiainst * £*v * ax q ax 
Fair correlation was obtained for a limited amount of data. 
As th« analysis was extended to include more dita, syste- 
matic variations with Reynolds numbor wore noticed.  Vhen 

£ —-  was plotted ngninst - -r^ , •  tna consistent varia- dx q dx TQ 

tion with Reynolds number was eliminated.  The skin fric- 
tion was tentatively assumed to bo given by the Squire 
and Young formula f refer jnce 14) 

|S> = fs.aac log,0 (4.073 Se)j 

where 

R0 
p8P 

It 

This formula was chesen bacauio 'f the cod agreement ob- 
tained bo'weon the experimental drag ccof- lei ants, for oir- 
folln and these calculated by the Squiro -:A  Young method. 
It was felt th-it thj local skin-friction coefficients thus 
determine.', were prob'lily acre aecurato in nest cr.se? 'han 
those dutura-lned directly from the bcund.ary-laycr surveys. 

The quantity — — — -,  or a quantity differing only 
1  a* To 

by a constant factor, hr. a frequently been usod as a por->m- 
tor fer boundary-layer phenomena.  ?or example, th: Pehl- 

hautcn paramotor for laminar boundary layorr  — r_-'  whero 

t i« the boundnry-laycr 'l.icknose ai.d v  tho kinematic 

vlsc'slty, can bo shown to bo equivalent to & -*- §3.-  For 1 dx T0 

a larlt&r boundary layer,  T„ » u (4»  and (4*Ni  is pro- 
V4y/„ WA 
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nortlonal te 7.  It thus follo"s that 7-  Is uroportlon- 
0 Q 

al to -,•?.     Substituting -£    for -^- In the Pohlhausen 

flU U do 
parnmoter and replacing —  OJT its ooulvalent  p— -rr 

gives a quantity proportional to the Fohlhauson parameter 

q   dar   1 

ü  dq   En 

C 1 -=2-,     which  In  turn  is  e-iuel   to   somo   constant   times 
q dx T- 

n dx Tc 
3y a similar procoss of reasoning, the parameter 

- —,  where  e  is the equivalent length of the flat plate 
U dx 
before pressure recovery is begun, which determines the 
amount of prersure tut', can be rorovered in a laminar layer 
with a straight-lies velocity gradient as given in refer- 

ence 1, can be shown to be proportional to — — --• 
q. dx T„ 

-'ikuradoe (reference -l) found that his results for turbu- 
lent flow, which ,~ive the vclosity distribution across 
diverging or converging channels, agreed vi'h slnilar meas- 
urements aae.o by EBnch (reference 5) when a \f&     had the 
sar.e value.  Fcr a glvor. type of velocity distribution 

icrcss the channel, *  at the center Is proportional 
q dx 

to tho nnglo of divergence, where  b  is tho vld^h of the 
channel.  Within the mnge of Beynolds numbers covered by 
tho investigations of "i^uraaso nnd JJfinch, tho llcln-frle- 

tion coefficient  —*•  at the wall was invorroly preportlon- 

•»1 to the  •/ F..  J'cr 1 ,-ivon type of v.'lcci'y distribution, 

ayS  is therefore pr jportlonal to — -— ~  •  It may be 

ccintod out that, rlihough in Burl's therry of turbulent 
boundary layers, -md rohlhauson's thoor;- cf lacin-.r boundary 

t da 2q 
layers  - —j =—  v:.s a«eua^d to determine the typo of ve- 

1 *x T
c 

leclty distribution in the boundary layer, in tho present 

-tntlysls it is assumed 'hat  - *-i ?1     r.ffecte only the 
q dx Tc 

rite of change of the *..-pe of velocity distribution. 

It seemed highly probable thnt the rate cf chenge of 
H  should de-end not oaly on the rrtio of the pressure 
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grallont to tho skin friction but also on tho value of H 

ltsolf.  Plots wero therefore made of  e — acainst -8- d-5 ?SL 
dx q dx T0 

at 0.1 Intervals of  H for ill tho data entering Into tho 
prosoLt analysis.  Tbeso plcts aro ^ivon lr. figure 11. 
Although the points show considerable scatter, definite 

tror.*s for tho variation of  0 $3      with both i Li ?i  «nl 

H ".re obsorvable.  It may bo polntod out, hOWOTer, tint 

both j- and -3.    wore  tho slopos of oxperloontally dotor- 

Blnod curvos,  largo scatter of tho data thoroforn is to bo 
expected,  Tho large scatter of the points in figuro 11, 
eonnoquontly, doos not nocoesarlly lndleato ajy sorlous ln- 
ainquacios In tho prosont analysis, Trov,  a ntudy of tho 
available lata, It »as found that tho variation of  6 i-^ 

*Uh  q dx f3 °nd  3 °0Xlli  b° tairl*  "cU ropros.»ntorl by 

Tl>) f. I M |a - 3.035 (H - 1.266)] 
L  4 a* To J 

To 
tho equation 

4H 
dx 

* . a ." 0 '.-. 

The exponential for.': ff the factor ovltlplying the 
tecend c^lier of this equation til ci.osun because the data 
for hif;h valuta of  P,  although not very eoxoloto, never- 

thjlcrc indicated that K- WAB ler/-i:.  It fay to noted 

that 1.265 iB the value of  H  for the ^-iiver  distribution 
of velocity in the boundary layer.  It is caen  fro-a the 
ferogolng .iquaticn that no change in H  is indicated for 

tho caBe in whloh —- •= 0  and 
dx 

E  has tho value 1.JS6. 

Jhj !upren to which the ojuation for 6 -.— aportxlinatoB 

tho experimental dat.i frc-. vhieh It was dorlv.-d tay be 
• cen ir fi^r-To 11.  -Ipch of t:-.j ttrut<;ht lin^s in fi.ruro 
11 vas obtnlnoi froa tho oquatlon for  E jjjj by ,:ivlnG H 

»UCSOTBIVJ values of 1.35, 1.45, 1.55, an'. 1.65.  The slope 

of those liner is fiven by the feetor e* • "' °6: -• • *T*< , 
end the intercept for i J- s 0  le liven b;- the tera 
-2.03' (H - 1.290). 

L 
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COMPARISON CF PMS33T ANALYSIS lfI?H 

OEl'SCEWITZ ANALYSIS 

In reference 7, Gruschvltz analyzes the behavior of 
turbulent boundary layers In the following manner: 

6 dhj 
q dx I Ol. Bfi) 

where 

chape  parameter   ll 
L 

velocity at     y  = 6 

•'u,\: 
ill th«  3-U.3 

r.nd 

total pressure at distance  6  from s".rfico (s1 

refereneo 7) 
in 

In writing this relation. It Is inplicitly assumed that 

- r.h; 
dx 

Is independent cf — 
t   jr 

•\.- ' Because-   of  this  assump- 

tion,   the  Oruschvlti  analysis   16   subject  to   the   same   crit- 
icism  as   are   thu   Eurl   and Pohli.ausen   methods   for  mnklne 
boundary-layer   calculat ionr .     .Tow 

•••here     h( 

'reiii'jro: 
(E0     in reference 7) ir the frse-strei'.n total 

6   dfc^ •r 
d:. 

e ZJ. _ ^ zi n 6   dq 

dx 

i r.d   thorefcrt 

e *ü 
dx 

£   d_q 
q   dx 

q   du 

(II.   Bfi) 

Sxcept   for  the   factor    j-,     this  rolatlon  is   similar  In 
o 

fcra to   the  relation   found  fro»  the  present   investigation; 
nanaly. 

e «5 = r fi *a Si. K) 
die \q  dx T.,       J 
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The Cruschwlts relation, bcwevar, la very restricted In the 

fera of the dependence of 6 4^  on — T^ ln comparison 
dx     q dx 

with the tjrpe of relation used In tho present Investigation. 

Furthermore, no variation of  6 *.   with  EQ  is indicated 
dx 

in the final equations given by Gruschwits. 

In the Gruschwitz analysis, the arbitrary i'vnctirn 
"hlch vas to ho detvirbinud experimentally contained only 
end variable  T);  whoroae, in the präsent analysis, the 

arbitrary function contains two variables,  — .-* .   and  E. 
1  dx To 

Apart from tho negloct of Ej.,  one reason for the fnlluro 
of the Gruuch-»its analysis is that a correlation of all 
''jrb'-lent-bcundary-l.iyer data in terns of a function con- 
talninc only ono independent variable vas net possible. 

üsrnor o? OALcr:,ATiüii 

For calculating the eharnctvrlstins of turbulent bound- 
ary layors, t-j folloving Information 1? roquirod:  The in- 
lMil valuos of e  und H, tr.i  prasouro alstrlbution ovjr 
the ocdy, r.nd the Ee.-nclds rumbur.  She equations tuat are 
used in «ailng a confutation are 

—       5*5 C' IS. _ Ifl 
dx    3 Ö" dx *   Sq 

till 
dx 

; (K-a. t, dq E3 
q dx T 

22.  _ ?.C3. (E : •;>• 
::i 

8.I19C l3.-10 (4.0 )75 Bfi) T C J 

IT.  order to relucc the work of computation,  ö-
9

- was plot- 

ted v-:Mr.st H6 In fl,:ure 1? ;»r.d tho factcr  6« .eao(H-a.a»a) 
lr. th 
13. 

• e"r'.lon fer -~    was plotted against  H  in fipure la 

H:-: 
*h» ao=entUE equation and tue equation for jr ore 

•i»ttltanaotts first-order differential eoua'iens that can be 
solved by a »tap. by-«tap oaleulatlon.  It Is usually neces- 
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sary to use such a method although, for sc 
eases, the equations cay be Integrated dir 
cl of calculation Is as fellows: The valu 
lablee entering Into the computation at th 
tlon arc substituted In the .ucr.er.tu~ oquat 

d£.  Valuos for 4s a»* 4^ »r tlon for 
dx 

nt tho 
the sur 

by  «*• 
* dr. 

those 1 
values 
value <• 
result 
havo oc 

dz       dx 
Initial station. An lncrezont of t 
face of the body x  Is than chosen 

c.e particular 
ectly.  The meth- 
es of the vnr- 
e Initial sta- 
lon ard tho equn- 

thup obtained 

he longth along 
and nultiplied 

dH 
and —- to eivo 

dx 
ncrements of  6  and  H  are added 
and result in values of  6  ar.d  H 
f  x.  The process Is repeated untl 
has been attained.  Separation may 
curred when E  risce to about 2.6. 

. i     and AH,  respectively. 

to the initial 
for tho now 

1 the ("esired 
bo cunsldorcd to 

chnr.fos rapidly fron ono value of  x  to tho 

The choice of the Increment of  x  is a satter for 
tho Judgoont of the individual investirater.  As a general 
rule, tho increments of  x  should be cado small when 

dx     dx 
noxt.  In ordor ta docreasc tho length of tho cilculation, 
the increments of  x  .Tust bo oho sen es l.-.rbo si Is eem- 
patiblo with the accuracy desired.  ?cr tho computations 
that vcro r.ado in ordor to chock tho rothod ef calculation, 
tho incronjnt of  x  for one step was ec chosen that 

A (4J, ux < 0.0085,  whoro A (||) l%  tho chanro in f§ 

between two successive values of  x  and £x  is the incre- 
ment of  x.  This criterion furnisher a measure of the 
maxir.uc orrcr that en- bo expected In AH  for ore itcp of 
the computation.  When the flow approaches separation,  H 
usually increases very rapidly ard, in such easos, the 
Toroccln.; criterion r.ay be disregarded without appreciable 
error in the position of the separation point.  Sy disre- 
garding the criterion whoa the flow is close t •> separa- 
tion, the length of t.'.e cotiputa* len r.ay bo reduced. 

A snnple calculation fer the HACA 66(216)-222  approx.) 
airfoil section at  a « 10.1°  and at B   = 3.67 x 10e  is 
given in table I. 

If the question cf separation is not involved and if 
tho variation of H  nlon/; the u'-rfaee Is not of interest, 
reasonably accurate values of 6  may ba obtained by assum- 
ing a constant value of H and cerely ualr.g the momentum 
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equation togather with tho skin-frietion relation to de- 
termine  E.  This procedure is cubstantially the eaae as 
that of reference 14 whore a constant value of H  of 1.4 
was ehoson for calculating the profile drag of airfoil 
sections. 

T3STS 0? KSTHOD 0? CALSULAIIor 

I 

In order to obtrin a general check of tho -ethod of 
calculation an4 to djternino whether tho scnttor rf tho 
points in figuru 11 wr.s primarily duo to tho difficulty in 
obtaining tho slopes of axporlmcntal curv.is or to serious 
inadequacies In tho analysis, computations voro earrloi 
through for eight ease?.  For all these computations, tho 
Initial values ;f  K  and  6  •••/ere obtainiid fron exporl- 
mentpl datu. 

A coatii.rison botveon the calculated and 
variations of  H  and  6  along tho surface 1 
figures 14 to 34.  A cc&putntlon made by the 
i.'.ethcd (from reference 8) is included in figu 
BCIM of tho cases, comparisons of the calcula 
perlner.tnl boundary-layer profiles at one or 
nra ilro presented.  In gerersl. the celculat 
good agreement with the experimental curvjs. 
ie difiorencos wore fo'ind betw:en tho calculo 
perln^.ntal curves of E.  Although the a-'roem 
the calculated and experimental curves of  o 
24) is good in cost enees, sem.s conslstont 11 
apparent as tho separation pcint is approach« 
rorlon, many of the calculated values of 6 
fhe experimental valuee.  One exulsnation of 
r.r.cy, of course, is that the Squire and Toua' 
rrlation is in error 1:. not indicating en inc 
friction as the boundary-layer velocity prcfi 
tho shape for separat ion.  Ihls tondinoy, haw 
trary '. o t'-.o general l.-iproenicn that t'.o s:ln 
should dccrer.eo as the i.-?arutlon p'-lnt is an 
the flow approaches separation, »he fluctuatl 
•-ctlon of flew Increase.  Such fluctuations 
tube r«-ad v<-loci*ies higher than »he actual \ 
These fluctuations are s lir^e proportion of 
close •.!• the surface whore reversed flow firs 
This beiavior of a pltot 'ubo nay explain «hy 
lent velocity profile», which aro close to t 
state, all har, *-ut   characteristic huao at «=, 
y/e.  ?h<- velocity profiles for lar<-c vi.lues 

experimental 
s shown in 
Orusehwiti 
ro 17.  Tor 
ted and ex- 
two positions 
ion3 are in 

Uo   systemat- 
tod and ox- 
oat between 
(figs. 14 to 

ff.r nets nro 
d.  In -.his 
aro loss than 
the dlscrcp- 
s'cin-frict ion 

reiec i-. skin 
le ni-pr Jaches 
ever, is con- 
fr'.ct ion 

T-roaehod,  As 
ens in the dl- 
:•*';•   n   pltot 
el sei ties. 
»ho c.ean flow 
t begins. 
tha turbu- 
«oisra;nd 

all value« of 
of 11     are 
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therofera In error In tho region close to tho surface.  The 
error In profile shape affects  B  as wall as  H.  Eoailng 

velocities too high for all points where — < 0.5  makes 

the Integral for  b,  v;hlch is /"t (*-»*(»•  1 arger 

than It actually Is.  It Is to he oipcctm", therefore, that 
values of  6  determined by pitot-tube readings Bhould ba 
higher than the truo values under conditions of unstoady 
flow.  On the other hand, as saparatlon Is arpreached, the 
relatlvoly creator velocity fluctuations near the surface 
may cause the s'<in friction to ho higher than when condi- 
tions are far from separation; and the effect of the lowor 
average velocities near tho surface, such as occur for 
higher values of  H,  may thus be compensated and possibly 
overbalanced.  An attonot was aado to correlate the local 
skln-friction coefficient vith  H,  but no consistont re- 
sults wero obtainod.  Although thero still is considerable 
dcubt concerning tho truo value of tho sicln-friction coef- 
ficient for conditions a-nrcaching separation, it 1B in- 
teresting to nota that tho Squire and Toung s'.dn-frict ion 
rolntion vm used through a range of  Hg  froa 500 to 
48,000 and apparently gave good results for most of tho 
roglon coverod by thu turbulent boundary layor. 

In making a calculation, the initial condition of 
the boundary layer must IJ known.  Computations which have 
been cade do not indicate that tho calculation for tho  H- 
curvo is especially sensitive to tho initial valuu of 9. 
Vhan the calculation is to be made for a oata In which tho 
boundary layor is in fi strong adverse pro^suro gradient - 

that is, when £ £a la is of thu sanu order pr graator 
q dx T0 

thin P.035 (H - 1.336) - tho initial value of  E  must bo 
accurately detarsined.  This fact is pbvious because the 
value of  E  determines how close the flow le   to o?p.-.ra- 
tion.  If the calculation is be.-^in In a region vhere 
e di 2q 
— j- —  is ver:- small or nosltive, the bovndary layor is 
q (ix TQ 

net very sensitive to tho initial value of  H.  For example, 
do 
j= = 0,  H  will eventually have tho value of 1.386 re- ax 

If 

cardleso of lto initial value. 

I 
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The boundary-layer thlcknece 1B not particularly son- 
rltlve to the Initial value of  H.  This offaot le üacily 
ViTlt'led from the form of the momentum enuction.  Ti.e ef- 
foct cf changes In the Initial value of 6  on »he bound- 
ary-layer thickness further downstroam depends en tSu rel- 

ative magnitude of — ~ and •^^• 
l dx       So. 

ent lr larce In ccannrlson with the skin friction, a 
chan^o In the Initial value of  6  will produce a propor- 
tional ehnnge In tho rubsoquent valuon of 6  •••herons, If 
tho pressure gradient Is small In coaparlron with the skin 
friction, p   chance In the initial valve of  6  will pro- 
duce a constant lnercnent equal to the initial change. 

If tho presfuro r"radi- 

Ih 
Dnao   as 
tnnclt 
lei  cf 
initial 
in   i   zo 
»oundu 
point, 
positic 
grjitly 

o Initial value of  6  ordinarily nay ha taken tho 
tho value for tno lamincr boundT.r.7 layor at tho 

ion point.  Hot enough lc knovn about tlie Biochtn- 
transitlrn to to ible *,o statu in ,:oner;i5 what the 
value» if  H  should he.  If transition occur» 

ro  or - • vomclc"   pressure   gradient   or   If   t;.e 
y   Ir-or   lr   sufficiently  tr.in   -t   the   trai-.ltion 
in  t-cordrnco   vith  tho   foregoing   iiscusr.icn,   tho 
n   oi   thu   turbulont   loparttlen   ; .In'.   Kill   i.ot   be 
affected   by   »lo   choice   of   the   lal.lil   v.-iuo   of 

IBS3SU?2 as:ov3Ky »iircan naia;? is 

BOVMAfiY-LArSi* Z IAK; 

dF 
Tho eo.uat.lcn for  0 £     Indicates that, for eaci. value 

H,  such A value may be assigned to — y-J  that  6 dx 
0.  Frousuro r.ay br recovered, therefore, without r 

ohance In boundary-layer shape If tie Correct presiuro dis- 
tribution Is used.  The necessary pressuru dlJtiib.tirn 

en:» bo obtalnod by usln-: *ho enuatlrns for ¥^    and 4* • 
dx       dx 

those oquationc can bo Integrated directly if E  lc as- 

sumed to tavo n constant value.  Vh<-n ^r • 0, 

1 il 2i « _ -.035 (p. . 1.E35) = 0»        (l) 
q dx T0 

vn-.ro     Cx     ig  a  csnstant.     the  i.omjntum equation  thor.  ro- 



duc.ir,   to   the   form 
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f a 

[2.6b7  lieg.   4.075  H^   • fa *  l)   leg„  ±] } 

The variables nre separable  Lot 

T   = 2.557 (-£  + l)    B « 2.557 log, 4.075 B^ 

end, when  •£*- =1, •=— = 0 
bo      eo 

Tha final equation then becomes 

(&- -   lYsS   -   3EJ"  +   2?a) +2( 

* •" (Ö ('•• 0 
t "«t) (' L? 

(1) 

vhere 

1   +   2.0 
_     /E   +   2\    /_ 
35 ("T-; (H 1.286 

'} 

By   the  use   of  e-iuatlona   (3)   and  (4),   curvoe   of    ~ 

which   Indicate   th3   rnnncr   In  v;hleh M      6     i * and r—     against  _^, 

pre-.cv.re car. ha recovered vithout a change In boundirj-^ 
layer afcapo, nuy he pictted.  ?iruro 25 lr. 

p;,aliiFt ii, "ilicr she 
be rocovared for a -z'-v 
the »!apo profile to b 
that pressure can ho r 
a value cf H frlrly 
that Is, uhcut 2.3. 5 
value of K Is apt to 
Nun steady flow and 
ererteo In  q  would so 

riot   of    ii. 
C 

"s   the   encunt   of   pressure   that   can 
en  change   In    6     as   r.   function   cf 
a   i^lr.vftlncd.     -he   oJot   Indicate? 
c^ovnrad   »t   the   r?oat   rapl;'.  rato   for 
close   to   the   viluo   for   soprratlon; - 
ecause   the   flov.-  with   euch  t  high 

bJ   'unsteady,   a   ,\ccd  compromise   be- 
r.lnluua  lnrreaao   In     C      <lth   de- 
cm  »o   he   a   value   cf     K     of  1.7   or   1. 
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co:iciusiors 

An analysis of a considerable amount of data for tur- 
bulent boundary layers collected from the available lit- 
erature and fron tests in the ITACA two-dlnenslonal low- 
turbulence tunnel Indicates the following conclusions: 

1. The shape of all turbulent beundary-laycr pro- 
files can be expressed as a function of a «ingle parac- 
etor . 

2. The variables that control tho developnent of 
the turbulent boundary layer apparently are  (l) the ratio 
of the ncndlaoasional proosuro «radiunt, expressod in 
toras of the local dyn.-.aie pressure outside tho boundary 
layor and boundary-layer thickness, to tho lecal skin- 
frle'ion coefficient and '• 2)   the shape of the boundary- 
layer . 

3. An empirical ouation has buen dcelepod in toras 
of tnoso variables that, •-hen ueod with tho soa^ntu» oo.ua- 
tlon and the skin-friction relation, aiakje it pcecibla to 
trac-j thä dv;Velopaont of tho turbulent bouiidarv layer to 
tho separation point. 

4. Ho systecatie variation of tho aklr.-frtction eo- 
•fflcinnt with the shape parameter was indicated by tho 
data. 

5. Separation occurs for valuis of the shape paraa- 
tur greater than 1.8 nnd Iocs than 8.6. 

Lnngluy Xasorlal Aeronautical Laboratory, 
«atloual Advisory Comnittoo for Aeronautics, 

Lrngloy TieId, Vn. 
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